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I Abstract: In [10], McCarthy defined a function „(?„[■ ■ ■] using Teicfimiiller cliaracter 

P^' of finite fields and quotients of p-adic gamma function, and expressed tlie trace of 

■<^ . Frobenius of elliptic curves in terms of special values of 2^2 [■ ■ ■]• We establish two 

different expressions for the trace of Frobenius of elliptic curves in terms of the function 

26*2 [■ ■ ■]• As a result, we obtain two relations between special values of the function 

2G2 [■ • •] with different parameters. 
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1. Introduction and statement of results 



Let q = p'' be a power of an odd prime and let Fg be the finite field of q elements. 
Let Tp{.) denote the Morita's p-adic gamma function and let u denote the Teichmiiller 
^ ' character of F,. We denote by cJ the inverse of u. For x G Q we let \_x\ denote the 

greatest integer less than or equal to x and {x) denote the fractional part of x, i.e. 
X — \_x\. Also, we denote by Z"*" and Z>o the set of positive integers and non negative 
integers, respectively. In [TO], McCarthy defined a function nGn[- ■ ■] as given below. 



Definition 1.1. ^lOj Defn. 5.1] Let q = p^, for p an odd prime and r G Z,"*", and let 
t G ¥g. For n G Z'^ and 1 < i < n, let Oj, foj G Q fl Zp. Then the function nGn[- ■ ■ ] is 
defined by 

q-2 



iG,, 



ai, 02, ■ ■ ■ , a„ I 



-'n 



^5^(-ira;^(t) 



^ 3=0 



X 



hi, 62, ■■■ , K 



nn(-^) 



-l(".p">-^j-l(-m''>+^j: 



,=i,=o r,((a.p'=)) T,{{-hp^)) 



Throughout this paper we will refer to this function as nGn[- ■ ■]• This function has 
many interesting properties. In [3], Greene introduced the notion of hypergeometric 
functions over finite fields. Since then, many interesting connections between hyper- 
geometric functions over finite field and algebraic curves have been found. But these 
results are restricted to primes satisfying certain congruence conditions. For example, 
see [H 121 |3l m |9] . Let E /¥q be an elliptic curve given in the Weierstrass form. Then 
the trace of Frobenius aq{E) of E is given by 

a,(E):=g + l-#E(F,), (1) 
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where jj^E{¥q) denotes the number of F^-points on E including the point at infinity. 
Let j{E) denote the j-invariant of the elhptic curve E. Let be the quadratic character 
of Fg extended to all of Fg by setting 0(0) := 0. Using the function 2G2[- ■ ■ ]; McCarthy 
expressed the trace of Frobenius of elliptic curves without any congruence condition 
on the prime. The statement of his result is given below. 

Theorem 1.2. p^ Thm. 1.2] Let p > 3 be a prime. Consider an elliptic curve Es/¥p 
of the form Es : y"^ = x^ + ax + b with j{Es) ^ 0, 1728. Then 

ap{Es) = (pib) ■P-2G2 



3' 



4a3 



(2) 



In [2] , the first author & Kalita gave two formulas for the trace of Frobenius of the 
elliptic curve Ea^ : y'^ = x^ + ax + b defined over ¥q under the conditions q = I (mod 6) 
and q = 1 (mod 4), respectively. In this paper, we prove the following two expressions 
for the trace of Frobenius of the elliptic curve Ea^b/¥q in terms of special values of the 
function 2^2 [■ ■ ■] without any congruence conditions on q. 

Theorem 1.3. Let q = p^ , p > 3 be a prime. Consider an elliptic curve Ea^b/¥q of the 
form Eafi : y'^ = x^ + ax + b with j{Eafi) 7^ 0. // (—a/3) is a quadratic residue in Fg, 
then 



aq{Ea,h) = <P{k^ + ak + b) ■q-2G2 



k^ + ak + b 
4P 



where 3k'^ + a = 0. 



Theorem 1.4. Let q = p^ , p > 3 be a prime. Consider an elliptic curve Ea,b/¥q of the 
form Eafi : y'^ = x^ + ax + b with j{Ea^b) 7^ 1728. If x^ + ax + b = has a non zero 
solution in F„ 



q: 



then 



0'q{Ea,b) 



where h^ + ah + b = . 



-3h^ - a) ■ q ■ 2G2 



1 

!' 

4' 



M3h'^ + a) 
' 9h^ 



McCarthy proved the Theorem 11.21 over ¥p and remarked that the result could be 
generalized for ¥q. Along the proof of the Theorem 11.31 and Theorem 11.41 (which are 
proved for F^), we have verified that the Theorem 11.21 is in fact true for F^. Hence, we 
have the following corollary which gives nice transformation formulas between special 
values of the function 2G2[ ■ ■ ] with different parameters. 

Corollary 1.5. Let q = p^ , p > 3 be a prime. Let a, 6 G F^ 



2G2 



1 
f 

3' 



27fe^ 
4a3 



-I g 



(Pibik^ + ak + b)) ■ 2G2 
0(-6(3/i2 + a)) ■ 2G2 



r I 

3' 3 

1 1 

05 2 I 4(3fe^+a) 

4' 4 



Then 

k'^+ak+b 



IF" 



if a = —3k'^; 



ifh^ + ah + b = 0. 



2. Preliminaries 



In this section, we recall some results which we will use to prove our main results. 
We start defining the additive character 6^ : Fg — )• C^ by 
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where ( = e^'^*'^ and tr : Fg — > Fp is the trace map given by 

tr(a) = a + aP + aP^ -\ h a^"'. 

Let F^ denote the group of muhiphcative characters of F^ . We extend the domain of 

each X e F^ to ¥q by setting x(0) := including the trivial character e. For A e¥^, 
the Gauss sum is defined by 



G{A) := J2 A{x)C^''^ = Yl Mx)e{x). 



We let T denote a fixed generator of F^. The Gauss sum G(T^) is denoted by Gm- 
The following lemma provides a formula for the multiplicative inverse of a Gauss sum. 

Lemma 2.1. ([4, Eqn. 1.12]). If k e Z and T^ ^ e, then 

GkG^k = qT\-l). 

The orthogonality relations for multiplicative characters are listed in the following 
lemma. 



Lemma 2.2. 

(1) U T^ 

X&Wq 


([6^, Chapter 


8]). We have 

1 ifT^ = e; 
ifT^^e. 


q-2 

(2) >;t^ 


'(x) 


-{I- 


- 1 if X = 1; 
ifx^l. 



n=0 



Using orthogonality, we can write 9 in terms of Gauss sums as given in the following 
lemma. 

Lemma 2.3. (tS Lemma 2.2]). For all ae¥^, 

1 "'^ 

e{a) = — -VG_^r"^(«). 

Theorem 2.4. (Davenport-Hasse Relation [7]). Let m he a positive integer and let 
q = p'' be a prime power such that q = l{mod m). For multiplicative characters 
X, V" € F^, we have 

n G{x^) = -Gi^n^im-^ H G{x). (3) 

x™=i x™=i 

Let Zp denote the ring of p-adic integers, Qp the field of p-adic numbers, Qp the 
algebraic closure of Qp, and Cp the completion of Qp. Let Zg be the ring of integers in 
the unique unramified extension of Qp with residue field Fg. Let cu : F^ — )■ Z^ be the 
Teichmiiller character. For a G F!f, the value uj{a) is just the {q — l)-th root of unity 
in Zg such that uj{a) = a (mod p). We denote by U the inverse of u. We now recall the 
p-adic gamma function. For n G Z"*", the p-adic gamma function rp(n) is defined as 

Tp{n) := i-iy- n ^ 

0<j<n,p\j 
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and one extends it to all x E Zp hj setting Tp{0) := 1 and 



Tp(x) := lim r„(n) 



for x 7^ 0, where x runs through any sequence of positive integers p-adically approaching 
X. This limit exists, is independent of how n approaches x, and determines a continuous 
function on Zp with values in Z^ . We now state a product formula for the p-adic gamma 
function. If m G Z+, p\ m and x satisfies < x < 1 and (g — l)x e Z, then 



m—l / , I \ m—1 



n r. (^) = - (""-"•"-") r,(-) n r. (^) • (4) 



/i=0 ^ ^ /i=l 

We also note that 

r,(x)r,(i-x) = (-ir, (5) 

where xq G {1, 2, . . . ,p} satisfies xq = x (mod p). The Gross-Koblitz formula allow us 
to relate the Gauss sums and the p-adic gamma function. Let tt G Cp be the fixed root 
of x^~^ + p = which satisfies tc = (p — 1 (mod (Cp — 1)^)- Then we have the following 
result. 

Theorem 2.5. (Gross, Koblitz [5]). For a G Z and q = p^ , 

i=o ^ ^ ^ 

3. Proof of the results 
We first prove a lemma which we will use to prove the main results. 

Lemma 3.1. Let p he a prime and q = p^ . For < j <q — 2,0<i<r — 1 and 

t G Z+ with p \t, we have 

and 

r, ((-^)) . (.^-) n r, (( Y>) - n r. ((^^ " ^)) ■ (^) 

Proof. Fix 0<j<g — 2, 0<'i<r — 1 and let A; G Z>o be defined such that 

k [^\ < jp' <{k + l) (^^] and ^ G Z>o. (8) 

Putting m = t and x = ^ — A; in (jll), we obtain 
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We observe that < ^ < t. Using ([8]) we see that iiO<h<t, then < ^ + 1^ < 1. 
Therefore, if 1 < 4 < ^ then 

t-l /, , i . V i-1 



h — k p^j \ T-r [ / h — k p^j 



nr.(^.^j^nr.^^— .,_, 



h=0 ^ ^ ' h=0 

t-l 



n^((^-^)^0). ao) 



Letting -^ = z and -^ = I in flTUl) we get 



nri^+ "'' 



h=0 



q-l 



p' 



t-l 



nr'(((7-^)^' 



^=0 

^nr.(((t.^).)). 

The expression fITT]) also holds for fc = 0. Again by our choice of k we have 

Also, 

fp'j 

oj ( t i+p+p^+-+p'-i ) . (13) 



Now substituting dlT]), ([12]), ([T3]) into ^ we obtain ^. 

We prove ([7]) following [TOl Lemma 4.1] and using similar arguments as given in the 
proof of (ED- D 
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Lemma 3.2. For I < I < q — 2 and < i < r — 1, we have 

^ q-V ^ q-V ^ q-V ^q-V 

= -2l(|) - ^J - [(4> + ^J - [(-^> + ^J. 

Proof. We can prove the lemma by considering the following cases: 

Case 1: l<l<^. 

Case 2: [^\ < f< q ~ 2. 

In case 2, we observe that [— ^J = 1,2,..., (6p* — 1). Now taking x E Z+ such that 

1 < X < 6p* — 1 and x = 6u + v, where f = 0, 1, 2, 3, 4 or 5, the result follows. D 

Lemma 3.3. For < I < q — 2 and < i < r — 1, we have 
^q-V ^q-V q-1 q-l 

= -2L(|) - ^J - [(4> + ^J - l(-^> + ^J. 

Proof. We can prove the lemma by considering the following cases: 

Case 1: < / < ^. 
Case 2: [^ij < / < ^ _ 2. 

In case 2, we observe that [^j-J = 1,2,..., (4p* — 1). Now taking x E Z+ such that 
1 < X < 4p* — 1 and x = Au + v, where w = 0, 1, 2 or 3, the desired result follows. D 

Now, we are going to prove Theorem II. 3[ The proof will follow as a consequence of 
the next theorem. We consider an elliptic curve Ei over ¥g in the form 

Ei:y^ = x^ + cx^ + d, 

where c 7^ 0. We express the trace of Frobenius endomorphism on the curve Ei as a 
special value of the function 2^*2 [■ ■ ■ ] in the following way. 



Theorem 3.4. Let q = p"^ , p > 3 be a prime. The trace of Frobenius on Ei is given by 

aq{Ei) = q ■ (j){d) ■ 2G2 



-r I I - ^ 



Proof We have #^i(Fg) - 1 = #{(x, y) E¥g x¥g : y"^ = x^ + cx^ + d}. 
Let P{x, y) = x'^ + cx"^ + d — y"^. Now using the identity 



E«,.P,.„))^{-;[^(-^);°; (14) 
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we obtain 



x,y,ze¥q 



q^+J2 ^('^^) + Yl 0izd)9{-zy'^) + ^ 9izd)e{zx^)9{ 



zcx^] 



y,z&i 



+ Y^ e{zd)e{zx^)e{zcx^)e{- 



-V) 



x,y,ze¥q 
,2 



q' + A + B + C + D. (15) 



, g~i 



From the proof of |2l Theorem 3.1], we have A = —1, B = 1 + qT 2 (rf) and D 
—C + Dq-i , where 



D,_i= \ Yl G-iG^,nG-nG,^T\d)T^c)T'^{-l) 



q-2 

(q - 1)" 



2 



2 [Z) 

ze¥^ 



_2^ ,^^ ^ _ _Q7 _ 3(g-i) 
and G'-2i-(g-i) = G^2i, we have 

g-2 

i 

q 



which is non zero only if m = — |n and n = —31 2^^- Since C^^ 3(9-1) = Cg; , g-i 



1 ^"^ 
I^2_i = ^-Y5^G_,G_2iG'3,+2_iG2_iT'(rf)T-3'+^(c)T^(-l). (16) 



=0 



Replacing / by / — ^ we obtain 



2 

9-2 



-^$^G'_,+a_iG'_2/G'3iG'^T'-"^(rf)T-3'(c)T^(-l) 
'^^^5^G„,_,^G_2^G3^G^T'(ci)T-3'(c). (17) 



2 g - 1 ^ 

9-2 

Using Davenport-Hasse relation (Theorem 12.41) for m = 2, ip = T~\ we deduce that 



-I 



G,_.G-2iT\A) 
G ,^.-1 = -^-— . (1^ 



Substituting ( ITS]) into f lT7|) and using lemma I^TT] we deduce that 

^ ^ _g0(^)y^ g-2zG-2^G3/ ^,/4^ 



Putting the values of A, B, G and D in (IT5|) we obtain 

q ■ (#^i(F,) -l)=q' + q<P{d) + D^, 
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which yields 

a,{E,) = -<P{d) - -—J 2^ T ( — 1 . (19) 

Now we take T to be the inverse of the Teichmiiller character, i.e., T = uJ and use the 
Gross-Kobhtz formula (Theorem 12. 5p to convert the above expression to an expressing 
involving the p-adic gamma function. This gives 

a,{E,) = -m - i(^g(-p)nroH(^)+(^)+(f^)-(^)} 



i=0 
r-l 



,((i¥))rp((^)) r,((|M))_^^,, 
^^ r, ((^)) 



P 
X I I ^ 7 -V ^ -U] . 

c 



It we put s = y < ( ) + ( ) + ( ) — ( ) >, then the above equation 



j=0 

becomes 



„,(£0 = -m *<" ^' ""-^ ^'' 



g — 1 -^^ \ C'^ 



iE(-P)^ (- 

«=0 ^ 



r-l 
X 

i=0 



r,((f^))r,((^))r,((gi); 



Next we use lemma 13.11 and simplify (l20l) to obtain 






/=0 

r-l 






^ /.(((^-A)p'))r.(((|-^)p- 
rp((f>)r,((f)) 

, ^^(((i^?^)''-))r^(((t^^)^- 
r,({f>)r,((f)) 

Calculating s we deduce that 

— /p* — 2/p* — 2/p* 3/p' 



(21) 



-E Lf^J-L^J-l^J-& ■ (-) 



j=0 *- ^ 
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By ([5D we have that, for < / < g - 2, 

r-l 



i=0 



/ 



g-1 



p 



q-1 



V 



(-l)^cj'(-l). (23) 



Therefore, 



aq{Ei 



q(j){d) q(j){d) 



1=1 ^ 



X 



n 

r„ 



q-l q 



27d 
4^ 



1 I 

2 q- 



I - FT ) ^' 



Tp ((I)) r, ((f) 



X 



l + ^)^^))r. 



f + ^jp' 



f) rj(f) 



p \ \ 3 /y "p \^\ 3 
Now using the following relation for < / < g — 2 

r-l 



i=0 



I 

1 — 



1 



/ 



g-1 



p' 



g-1 



p' 



r-l 



i=0 



1 / 

3^ q-l 



f 



r. 



g-l 



p' 



(24) 



and lemma I3.2[ we deduce that 
q(p{d) ^ 



a^{E{) 



q 



fl y^ rr(_p)-L(^)-i^j-L(^>-^j-L(-^)+^j-L(-2f^>+^j 



«=0 i=0 



1 I 

2 Q-l 



r.(((i--^)p^))r,i(i----ip' 



1 i_ 

2 q-l 



Tp ((f)) r, ((f) 



r„ 



-l + ik^P' 



3 ' q-l 



P' 



rp((-f))r,((-f) 



u 



27d 
4^ 



g • 4>{d) ■ 2G2 



1 1 

!' I 

3' 3 



27rf' 
4^ 



D 



This completes the proof of the theorem. 

Proof of Theorem II. 3t We have j{Ea^b) ^ 0. Hence a ^ 0. Since (—a/3) is a 
quadratic residue in Fg, we find fc G F^ such that Sk"^ + a = 0. A change of variables 
{x, y) \-^ {x + k, h) takes the elliptic curve Ea^i^ : y"^ = x^ + ax + h to 

E' -.y^ = x^ + 3kx^ + {k^ + ak + b). (25) 

Clearly aq{Ea^b) = ctg{E'). Using Theorem 13.41 for the elliptic curve E', we complete 
the proof. 



10 



Rupam Barman and Neelam Saikia 



Now, we are going to prove Theorem ll.4[ The proof will follow as a consequence of 
the next theorem. We consider an elliptic curve E2 over Fg in the form 

E2 : y^ = x"^ + fx^ + gx, 

where / 7^ 0. We express the trace of Frobenius endomorphism on the curve E2 as a 
special value of the function 2G2[- ■ ■] in the following way. 

Theorem 3.5. Let q = p^ , p > 3 be a prime. The trace of Frobenius on E2 is given by 



aq{E2) = q ■ (t>{-g) ■ 2G2 



1 1 



, - ,4o 

2 ' 2 

1 3 I f2 

L 4' 4 J . 



Proof. We recall that #^2(^5) - 1 = #{(x, y) e¥q x¥g : y^ = x^ + fx^ + gx}. 
Let P{x, y) = x^ + fx"^ + gx — y"^. Now using the identity 



J20{zP{x,y)) 



zeWa 



q, iiP{x,y) = 0; 
0, ifP(x,i/)^0, 



(26) 



we obtain 

g-(#E2(F,)-l)= Yl ^(^^(^'^)) 



x,y,z€¥q 



q'+J2 ^(0) + E ^(-^^') + E oi^^'Wi^f^'Wi^g^) 



z&S 



y,ze¥^ 



x,ze¥S 



J2 e{zx^)e{zfx^)e{zgx)e{-zy^ 



x,y,z&^ 



= q' + {q-l) + A + B + C. 
From [21 Theorem 3.2] we have A = — (g — 1) and C = —B + Cg-i, where 



(27) 



G q-l 

Cq-1 = 

(g- 



9-2 



'— J2 G'_,G_™G_„T-(/)T"((7)tV(-1) 

l,m,n=0 
J2 j^3l+2^+n^^^ Y^ J.I 



-il+m+n+^ / \ 



xeF^ 



z€F^ 



which is non zero only if n = / and m = —21 + ^^. This gives 



G 



G q-l 
2 



2 



-l)lz! 



- — 2^ G-1G21+ 



i=iG,r 



1=0 



i I 9_ 



Substituting the values of A, B and G in fl27j) we obtain 



g-(#E2(F,)-l) = g 



G q-l 

2 , ~^r- 



0(-l) ^ 

ZTi — Z^ G-iG^i^q^G-iT 



1=0 



I I 9_ 

P 



(28) 
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Replacing / by / — ^ we deduce that 

q ■ (#^2(F,) - 1) = g^ + ^_^ J2 G-i^^G,,^^G_,^^T^-^ i^j-^j 



Using Davenport-Hasse relation 12.41 for m = 2, ip = T ' and ip = T^' successively, we 
have 



G-i+n^ 



G^G^2iTK4) 
^ G-i 

and 

G^iG^T-^{16) 



^2.+ ^ - ^ 



2« 



Putting these values in (129|) and using lemma I2.H we obtain 



, . (#B.(F,) - 1) = ,^ + «!^ g ^H^T' (A) 



We now put T = u. Then ([T]) and Gross-Koblitz formula (Theorem I2.5p yield 



9-2 



Q<t>{-9) sr( „^£L-nH2(-f^)+(#4)-2(-^)-(|^)} 



y 7 n 



^ r,((^>)r,((^>)r,((i^>) _^ 
r„ ((|4J>) r, ({^>) r, ({|4^>^ " V/= 



i=0 



#(-^) V^/ xs^/ /^ ^ 






9-1 Ir:^^ ^^" V/^ 

r-l 



X 

i=0 



r,((^))r,((^))r,((M); 
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r-l 



where s = 2_. \ 2( 7) + ( 7/ ~ 2( -) — \ 7) \ ■ Next we use lemma 13.11 



1=0 



g — 1 Q' — 1 

and after simplification we obtain 



*g — 1 (? — 1 



%{E, 



Q^i-g) 



q\.-^2) 



-1 r 

-L r. 



X 



n 

i=0 



1=0 \J / 



1 _/ 

2 q- 



I - FT ) P^ 



Tp ((f)) r, ((f) 



i + ih)f})^p 



Z + ^i)P^ 



Tp ((f)) r, ((f)) 

We now simplify the expression for s and find that 



(31) 



r-l 



> S — ^ +2 — — -2 — - — ^ 



(32) 



The following relation for < / < g — 2 

r-l 



nr, 



i=0 



1 



/ 



4 g-1 



P 



r-l 



i=0 

and lemma [3^ yield 



g-1 



P 



4 g- 1 



3 



P 



4 g-1 



P 



(jr-2 r-l 



ag(-^2 



?0(-^) t^TT/ ^,_|(El)_J£Lj_L(4>-^J-L(-^>+^J-L(-^>+;^J 



q- 



fEn(-rt-"= 



X 



X 



^ /=0 i= 


'p-))r,(( 


(i-^)^-)) 


Tp ({f >) r, ({f )) 
r,(((4.-r).-))r.(((-|.-.).'))^ 


rp( 

g ■ (Pi-g) ■ 2G2 


.4' 4 / . 


( '^')^ 

\ 4 /; 
9 



/^ 



This completes the proof of the theorem. D 

Proof of Theorem 1 1.4t Here j{Ea,h) 7^ 1728 and hence 6 7^ 0. Let /i G F^ be such 
that h^ + ah + h = Q. A change of variables (x, y) H- (x + /i, y) takes the elliptic curve 
Ea,b : y"^ = x^ + ax + h to 

E" ■.y'^ = x^ + 3hx^ + {3h^ + a)x. (33) 
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Clearly ag{Eafi) = ag{E") and 3h ^ 0. Using Theorem 13.51 for the elliptic curve E'\ we 
complete the proof. 
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